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Abstract: This paper gives some relating results for various concepts of convexity in metric spaces 
 d,X  such as 1 -convexity, p -convexity, midpoint convexity,  convex structure, uniform convexity and 
near-uniform convexity, Busemann curvature and its relation to convexity. Some properties of uniform 
convexity and near uniform convexity of geodesic metric spaces are related to the mapping 
XXXQt : parameterized by the scalar  10 ,t , defined by    TytSxtTy,SxQt  1  in the 
metric space  d,X  where XXTS :, are Lipschitz continuous. 
 
1. Introduction 
This paper provides some results convexity in metric spaces  d,X  such as 1 -convexity, p -convexity, 
midpoint convexity,  convex structure, uniform convexity and near-uniform convexity, Busemann 
curvature and its relation to convexity. Certain properties of uniform convexity and near uniform 
convexity of geodesic metric CAT (0)-spaces considers the mapping XXXQt : parameterized by 
the scalar  10 ,t , defined by    TytSxtTy,SxQt  1  in metric space  d,X  where 
XXTS :, are Lipschitz continuous while not necessarily contractive mappings, i.e. the Lipschitz 
constants are not necessarily less than unity, which is a  0CAT  space. Basic notatiobn used is  the 
following one:  0:0  zzZ  ,   0:  zzZ ,  0:0  zzR  ,   0:  zzR , 
Ac  is the closure of the set A,   Iiixcon   is the closure of the convex hull of the family   Iiix  ,  
 TFix  denotes the set of fixed points of a mapping XXT : . 
 
2. Preliminaries 
Let  d,X  be a complete metric space being a geodesic space. 
 
Definition 2.1( p - convexity) [1, 3]. Suppose a metric space  d,X  which admits midpoints (or which 
has midpoints or which is midpoint convex). Then,  d,X  is said to be p - convex for some   ,p 1  
if for each Xz,y,x  , and each midpoint   Xy,xm   of x  and y :   
 
        p/ppp/ z,ydz,xdz,y,xmd 11
2
1 

                                                                             (1) 
For the case p , the right-hand-side of (1) is defined as a limit leading to 
     z,y,xmmaxz,y,xmd  . If  d,X  is  -convex it is equivalently said to be ball convex while if 
it is 1 -convex it is equivalently said to be distance convex, [3].  d,X  is said to be strictly p - convex 
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for   ,p 1  if the inequality is strict for yx   and strictly1-convex if the inequality is strict for 1p  
if      z,ydz,xdy,xd  , [1]. 
 
Assertion 2.2. If a metric space  d,X  is midpoint convex then it is 1 - convex.                                □ 
 
Assertion 2.3. If  d,X  be p - convex for some   ,p 1  then for any Xz,y,x   and each midpoint 
  Xy,xm   of x  and y :   
 
            z,ydz,xdz,ydz,xdz,y,xmd p/ 


2
1
2
1 1                                                      (2)   
The inequality (1) leads to the following direct result:  
 
Assertion 2.4. If  d,X  be p - convex for some   ,p 1  then, for any Xw,z,y,x  , each midpoint 
  Xy,xm   of x  and y  and each midpoint   Xw,zm  of z and w :   
              p/pppp w,ydz,ydw,xdz,xdw,zm,y,xmd 1
4
1 

                                              (3) □ 
 
Definition 2.5 ( p -Busemann curvature) [1, 2]. Suppose a metric space  d,X  which admits midpoints. 
Then,  d,X  is said to satisfy the p -Busemann curvature condition for some   ,p 1  if for each 
Xw,z,y,x  , each midpoint   Xy,xm  of x  and y and each midpoint   Xw,zm  of z and w , one 
has  
          p/ppp/ w,ydz,xdw,zm,y,xmd 11
2
1 

                                                                      (4) 
Assertion 2.6. Suppose a metric space  d,X  which admits midpoints, with the midpoint map (or 
midset) XXXm : being unique, and which satisfies the p - Busemann curvature condition for some 
  ,p 1 . Then, one has: 
               


 


p/
pp
p/
ppp/ z,ydw,xd,w,ydz,xdminw,zm,y,xmd
111
2
1                  (5) 
for any Xw,z,y,x  , where a   Xy,xm   and   Xw,zm  are , respectively, the unique midpoints of 
x and y and w and z .                                                                                                                            □ 
 
Assertion 2.7. Assume that a metric space  d,X  is midpoint convex (then being 1- convex from 
Assertion 2.2) with unique midpoint map and that it satisfies the p - Busemann curvature condition for 
some   ,p 1 . Then,  d,X  is p - convex.                                                                                         □     
 
The following definitions characterize near uniform convexity. 
 
 3
Definition 2.8 (  -separated family of points) [1]. A family of points   Iiix  is  -separated if 
  
 jiIi
x,xdinf . 
 
Definition 2.9 (nearly uniformly convex space) [1]. A  -convex metric space  d,X  is said to be nearly 
uniformly convex if, for any 0R  and for any  -separated infinite family   Iiix  , with Xxi  , and 
any Xy  such that   Rry,xd i  ; Ii , there is some   0 R,  such that 
         Iiir xconcyB 1 , where   Iiixconc   is the closure of the convex hull of the family 
  Iiix  .  
 
Definition 2.10 [5, 6]. Let  d,X  be a metric space. A mapping   X,XX:W  10  is said to be a 
convex structure on X  if for each    10 ,XXt,y,x  and Xz ,     
         y,zdtx,zdtt,y,xW,zd  1                                                                                           (6) 
 
Definition 2.11 [5]. A convex metric space   W,d,X  is said to be uniformly convex if, for any 0 , 
there exists    10 ,   such that for any 0r and Xz,y,x  with      rz,yd,z,xdmax  and 
  ry,xd  , 
      121 r/,y,xW,zd                                                                                                              (7) 
 
A uniformly convex metric space   W,d,X  is also referred to commonly as uniformly 1-convex, [1]. 
This concept may be generalized as follows:  
 
Definition 2.12. A convex metric space  W,d,X  is said to be uniformly p -convex if, for any 0 , 
there exists    10 ,   such that for any 0r and any Xz,y,x  with 
     rz,yd,z,xdmax  and   ry,xd  , 
 
     p/r/,y,xW,zd 1121                                                                                                       (8) 
 
Propositions 2.13. 
1. If a convex metric space  W,d,X  is uniformly convex then it is uniformly p -convex for any 1p .   
2. A convex metric space   W,d,X  is nearly uniformly convex if, for any 0 , there exists  a strictly 
increasing    10 ,  such that for any 0r , any Xz and any r  - separated infinite family 
  Xx
Iii
 satisfying   rz,xdsup iIi   and 
      121 r/,x,xW,yd ji   ;       Xxxx,x Iiiiji                                                         (9) 
for some    z1 r-δy B , where  zB denotes an open ball of radius  centred at z .                      
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3. If a convex metric space  W,d,X  is uniformly convex then it is nearly uniformly convex. 
4.  If  d,X  is nearly uniformly convex and strictly  - convex  then for any 0R and for any  -
separated infinite family   Iiix  , with Xxi  , and any Xy  such that   Rry,xd i  ; Ii , there 
is    r/,r,,rr 11 10    such that:  
     x,ydinfy,xd Xyxi  1 , and  
      Iiixconcyc  1B  and contains at most two points of X  such that 
      wxconcyc Iii   1B  with yw  if  Iixy i  : and       w,yxconcyc Iii   1B if 
   Iiixconcy  with a choice r/r 11   .                                                                                □ 
 
3. Contractiveness and non-expansiveness  
The following properties arise: 
1) A geodesic space is a CAT  0  space if and only if for any Xz,y,x  and all  10 ,t the following 
inequality is satisfied: 
            y,xdtty,zdtx,zdtz,tyxtd 2222 111                                                         (10) 
(Proposition 1.1, [7]). 
2) A CAT  0  space is uniformly p -convex for any 2p , [1]. 
3) A CAT  0  space satisfies the inequalities (3) and (4) for any 2p since it is mid-point  2p -
convex for any 1p . 
4) A CAT  0  space satisfies the p - Busemann curvature condition for any 1p . 
 
A general technical result involving constructions with two self-mappings in a  0CAT space follows: 
Proposition 3.1. Let a metric space  d,X  be a  0CAT  space and let the mapping XXXQt : be 
defined by  
   ytxty,xQt  1 ;   10 ,t                                                                                                (11) 
for any Xy,x   and let XXST :, be  two self-mappings which satisfy the following  conditions: 
    y,xdKTy,Txd T    ;       y,xdKSy,Sxd S                                                                         (12) 
for any given, some positive real constants TK  and SK . Then, for any given Xq,p,y,x  and for any 
 10 ,t , the following properties hold: 
 
(i)     Ty,SqQ,Tx,SpQd tt2       TSTS K,KminttKtKt  141 2222  
                    y,xd,q,pdminTx,Spd,Sq,Txd,Ty,Sqd,Ty,Spd,q,pd,y,xdmax 22      (13)   
 (ii)     yT,qSQ,xT,pSQd nntnnt2        nTnSnTnS K,KminttKtKt  141 2222  
            xT,pSd,qS,xTd,yT,qSd,yT,pSd,q,pd,y,xdmax nnnnnnnn 1111111122   
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                           Ty,Txd,q,pdmax                                                          ;     Zn        (14) □ 
 
From Proposition 3.1, we get the following result: 
Theorem 3.2. Let a metric space  d,X  be a  0CAT  space .Then, the following properties hold: 
 (i) Assume that   1TS K,Kmax (i.e. XXT,S :  are both strictly contractive). Then, 
    0 yT,qSQ,xT,pSQdlim nntnntn  for any Xq,p,y,x  and  10 ,t . 
 (ii) Assume that  
a) either  10 ,KS   (i.e. XXS :  is strictly contractive), 1TK (i.e. XXT :  is 
nonexpansive but noncontractive) and XXT : has a fixed point, or  
b)  10 ,KT  (i.e. XXT : is strictly contractive ), 1SK  (i.e. XXS :  is nonexpansive but 
noncontractive) and XXS : has a fixed point. 
 Then, 
            01 22222   q,pd,y,xdmaxt,tminyT,qSQ,xT,pSQdsuplim nntnntn         (15) 
for any Xq,p,y,x  and  10 ,t .  
 
(iii) If CCS,T :  are both nonexpansive, where C  being a nonempty closed convex subset of X , 
then      yT,qSQ,xT,pSQdsuplim nntnntn 2  
                    011 2222  y,xd,q,pdmaxy,x,q,pMttq,pd,y,xdmaxtt              (16) 
for any Xq,p,y,x  and  10 ,t .                                                                                                       □ 
Proposition 3.1leads to the following result: 
 
Theorem 3.5. Let the metric space  d,X  be a  0CAT space. The following properties hold: 
(i) The following inequalities hold:  
    Ty,pSQ,Tx,pSQd mtmt    y,xdKt T 1   ;  0Zm , 
        yT,pSQ,xT,pSQd nmtnmt2    y,xdKt nT 1   ;  0Zm,n , 
        xT,SqQ,xT,SpQd mtmt  q,pdKt S   ;  0Zm ,                                                        (17) 
        xT,qSQ,xT,pSQd mntmnt2  q,pdKt nS   ;  0Zm,n  
 (ii) If  d,X  is complete then CTCpSQ mt : is a strict contraction for each  10 ,t  and each 
 0Zm , irrespective of the mapping CCS : , for any given   Xpq,p   provided that 
CC:T  is strictly contractive. Thus,       0yT,pSQ,xT,pSQd nmtnmt ;  0Zm as n , 
and has a unique fixed point  
    *m*t ytpSty,p,S,mzz  1  
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for each  10,t  and each given Cp  and  0Zm and the unique fixed point CTyy **  of  
CCT : and   *n yyT  . In particular, if 0t ,   ** yyz 0 and if 1t ,   pSy,p,S,mz m* 1 . 
If both CCT,S : are strictly contractive then   **m SpppS   with  *pSFix   and then 
    ****t
m
yttpy,p,S,mzlimz 

1 for each  10,t  is the unique fixed point of 
CTCpSQ mt :  for each  10 ,t ;  0Zm . 
If CCT :  is strictly contractive and CCS : is nonexpansive with SFixp*   (  *pSFix  if 
CCS :  is strictly contractive) then CTCpSQ *mt :  has a unique fixed point 
  **t yttpz  1 for each  10 ,t ;  0Zm . 
 (iii) If  d,X  is complete then XXXQt : is a strict contraction, irrespective of the 
mapping CCT : , for any given   Cxy,x   provided that CCS : is strictly contractive so that it 
has a unique fixed point and then       0yT,pSQ,xT,pSQd mntmnt ;  0Zm  as n and has 
a unique fixed point  
    xTtptx,p,T,mzz m**t  1  
for each  10,t  and each given Cx and  0Zm and the unique existing fixed point 
CSpp **  of  the non-expansive mapping CCS : .                                                                     □ 
 
 Further useful inequalities hold as follows: 
    q,pQT,y,xQTd tt2           qtTptT,ytTxtTd  112  
    Ty,SqQ,Tx,SpQd tt2     TytqSt,TxtSptd  112  
                                              Tx,SpdttTyttSq,TxdtTytSqt,Sptd 222 1111   
                                            Ty,SqdttTy,SpdttSq,Spdt 22222 11   
                                                   Ty,SqdttTy,TxdtSq,Txdtt 22222 111   
                                           Tx,Spdtt 21  
                                           Sq,TxdTy,SpdttTy,TxdtSq,Spdt 222222 11   
                                              Ty,Sqdtttt 222 11     Tx,Spdtt 21  
                                        Ty,TxdtSq,Spdt 2222 1    
                                                   Tx,SpdTy,SqdSq,TxdTy,Spdtt 22221                 
 
   ytxty,xQt  1 ;   10 ,t                                                                                                
    Ty,SqQ,Tx,SpQd tt2     TytqSt,TxtSptd  112  
                                              Tx,SpdttTyttSq,TxdtTytSqt,Sptd 222 1111   
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                                            Ty,SqdttTy,SpdttSq,Spdt 22222 11   
                                                   Ty,SqdttTy,TxdtSq,Txdtt 22222 111   
                                           Tx,Spdtt 21  
                                           Sq,TxdTy,SpdttTy,TxdtSq,Spdt 222222 11   
                                              Ty,Sqdtttt 222 11     Tx,Spdtt 21  
                                        Ty,TxdtSq,Spdt 2222 1    
                                                   Tx,SpdTy,SqdSq,TxdTy,Spdtt 22221          
                                           y,xd,q,pdmaxKtKt TS 222222 1    
                                     y,xdK,q,pdKminTx,SpdSq,TxdTy,SqdTy,Spdtt TS 1      
  
4. Iterative schemes 
Assume that the subsequent sequences are built: 
   Ty,SqQTx,SxQx tnntn   12    
   Tx,SpQTx,SxQx tnntn   123  
 
and we assign successive values  as follows: 
yxn  ,  qxxn 1 , pxn 2  
so that 
 
   232 nn x,xd        122122222 1  nnnnTS x,xd,x,xdmaxKtKt  
               1211211121   nnTnnSnnnnnnnn x,xdK,x,xdKminTx,SxdSx,TxdTx,SxdTx,Sxdtt
                                 122122222 1  nnnnTS x,xd,x,xdmaxKtKt  
                  1211121   nnnnnnnn Tx,SxdSx,TxdTx,SxdTx,Sxdtt  
             121  nnnnTS x,xd,x,xdminK,Kmin  
        nTSTSnn K,KminttKtKtx,xd  11 2222232         12212  nnnn x,xd,x,xdmax  
 
The following result links an iterative scheme based on two maps to the convergence properties in CAT 
(0) spaces. 
Theorem 4.1. Let the metric space  d,X  be a  0CAT space and consider the iterative scheme: 
    nnnnnnnnnntn xTtxStxT,xSQx n   1112 ;  0Zn   
subject to any initial conditions Xx,x 10 , where 
        
    121
121112
1 


nnnn
nnnnnnnnnnnnnnnn
n x,xd,x,xdmax
xT,xSdxS,xTdxT,xSdxT,xSd ;  0Zn  
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with   n  and   being depending , in general, on 0x and 1x .The following properties hold: 
 (i)  Assume that 

n
n
sup
0Z
. Thus, 
   a) If  nT is a sequence of non-expansive (respectively, strictly contractive) sequence of mappings then 
there is a real sequence    10 ,tn  of sufficiently small elements such that    10 ,n  (respectively, 
   10 ,n  , 
   b) If  nS is a sequence of non-expansive (respectively, strictly contractive) sequence of mappings then 
there is a real sequence    10 ,tn  of elements sufficiently close to unity such that 
   10 ,n  (respectively,    10 ,n  . 
 (ii)       122121322   nnnnnnn x,xd,x,xdmaxx,xd  ;  0Zn                                    
where 
      11122122 11 1111 11    nTSnnTnSnn nnnn K,KminttKtKt  ;  0Zn                        for any 
 10,tn  ;  0Zn , and 
      12212112   nnnnnnn mnmnmnmnmnmnmn x,xd,x,xdmaxx,xd   
                                 1221210   nnnnmi in x,xd,x,xdmaxn  ; 2nm ,  0Zn  
(iii) If Xx,x 10  and  0102 Tx,SxQx t are such that    1021 x,xdx,xd   and 1n ;  0Zn  
then 
 32  nn x,xd  1 nn x,xd ;  0Zn  
The above inequality is strict if 1n ;  0Zn . 
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